ABSTRACT. We obtain vanishing ranges for the mod p cohomology of alternating subgroups of finite p-free Coxeter groups. Here a Coxeter group W is p-free if the order of the product st is prime to p for every pair of Coxeter generators s,t of W . Our result generalizes those for alternating groups formerly proved by Kleshchev-Nakano and Burichenko. As a byproduct, we obtain vanishing ranges for the twisted cohomology of finite p-free Coxeter groups with coefficients in the sign representations. In addition, a weak version of the main result is proved for a certain class of infinite Coxeter groups.
INTRODUCTION
Let (W, S) be a Coxeter system, the pair of a Coxeter group W and the set S of Coxeter generators of W . The alternating subgroup A W of W is the kernel of the sign homomorphism W → {±1} defined by s → −1 (s ∈ S). The symmetric group Σ n on n letters is a finite Coxeter group (of type A n−1 ), and its alternating subgroup is nothing but the alternating group A n on n letters. Cohomology of alternating groups has been studied by various authors. Among others, Kleshchev-Nakano [9, p. 354 Corollary] and Burichenko [7, Theorem 1.4] independently obtained vanishing ranges for the mod p cohomology of alternating groups: Theorem 1.1 (Kleshchev-Nakano, Burichenko) . Let p be an odd prime. The mod p cohomology H k (A n , F p ) vanishes for 0 < k < p − 2.
The primarly purpose of this paper is to generalize Theorem 1.1 to alternating subgroups of finite Coxeter groups, and thereby to give an alternative proof of Theorem 1.1. Our main result is the following:
Theorem 1.2. Let p be an odd prime, W a finite p-free Coxeter group, and A W the alternating subgroup of W . Then the mod p cohomology H k
Here a Coxeter group is p-free if the order of the product st ∈ W is prime to p for every pair of Coxeter generators s,t ∈ S. Since symmetric groups Σ n are p-free for p ≥ 5 as Coxeter groups, Theorem 1.1 is a special case of our theorem. Note that finiteness and p-freeness assumptions on W are necessary, and vanishing ranges for H k (A W , F p ) are best possible. See §2.2, §6 and §7 for precise.
The key ingredients for the proof of Theorem 1. 3), as well as some considerations of equivaraint cohomology in §4. The proof is inspired by the arguments in [2] , where the first author obtained vanishing ranges for the p-local homology of p-free Coxeter groups. As a byproduct of Theorem 1.2, we will obtain vanishing ranges for the twisted cohomology of finite p-free Coxeter groups with coefficients in the sign representations over F p (Theorem 6.1). As we remarked above, Theorem 1.2 no longer holds for infinite Coxeter groups. Instead, we will prove a weak version of Theorem 1.2 for a certain class of infinite Coxeter groups (Theorem 7.2).
2. PRELIMINARIES 2.1. Coxeter groups. In this subsection, we recall definitions and relevant facts concerning of Coxeter groups. References are [1, 4, 8] . Let S be a finite set. A Coxeter matrix is a symmetric matrix M = (m(s,t)) s,t∈S each of whose entries m(s,t) is a positive integer or ∞ such that
The Coxeter system associated to M is the pair (W, S) where W is the group generated by s ∈ S and the fundamental relations (st) m(s,t) = 1 (m(s,t) < ∞): 
is the polynomial algebra generated by a two dimensional generator u and E(v) is the exterior algebra generated by a one dimensional generator v. In particular, H 1 (Z/m, F p ) F p , which shows the necessity of p-freeness assumption in Theorem 1.2.
THE CASE |S| ≤ p − 2
In this section, we will prove Theorem 1.2 for |S| ≤ p − 2 by using the classification of finite Coxeter groups. Recall that the Coxeter matrix M = (m(s,t)) s,t∈S defining the Coxeter system (W, S) is represented by the Coxeter graph Γ whose vertex set is S and whose edges are the unordered pairs {s,t} ⊂ S with m(s,t) ≥ 3. The edges {s,t} with m(s,t) ≥ 4 are labeled by those numbers. For convenience, we write W = W (Γ) and call it the Coxeter group of type Γ. A Coxeter group W (Γ) is called irreducible if Γ is connected, otherwise called reducible. For a reducible Coxeter group W (Γ), if Γ consists of the connected components Γ 1 , Γ 2 , . . . , Γ r , then W (Γ) is isomorphic to the internal direct product of parabolic subgroups W (Γ i )'s each of which is irreducible:
The classification of Coxeter graphs for finite irreducible Coxeter groups is well-known. They consist of infinite families 
EQUIVARIANT COHOMOLOGY
Let G be a group. By a G-complex we mean a CW-complex X together with a continuous action of G on X which permutes the cells. A G-complex X is called admissible in [6] if, for each cell σ of X , the isotropy subgroup G σ of σ fixes σ pointwise. Throughout this section, X is a finite dimensional, connected, admissible G-complex, and A is a trivial G-module (an abelian group equipped with the trivial G-action). We consider the equivariant cohomology H * G (X , A) (see [6, Chapter VII] for the definition and relevant facts).
Next, consider the spectral sequence
where E i is a set of representatives for G-orbits of i-cells of X (see [6, §VII.7] ). A) is the trivial G σ -module since X is admissible.
Lemma 4.2. In the spectral sequence (4.1), we have E
Proof. Recall that the differential d i j
of the spectral sequence is the map A) ) induced by the coboundary operator of C * (X , A). Now there are isomorphisms
where the second isomorphism holds because X is admissible. These isomorphisms are compatible with differentials of the spectral sequence and coboundary operators of C * (X , A) and C * (X /G, A), the lemma follows. Combining Lemma 4.1 and 4.3, we obtain the following proposition which will be used to prove Theorem 1.2:
Lemma 4.3. If X satisfies the following conditions:
(1) For each cell σ of X , H k (G σ , A) = 0 for 0 < k < d, (2) H k (X /G, A) = 0 for 0 < k < d. Then H k G (X , A) = 0 for 0 < k < d. Proof.
Proposition 4.4. Let G be a group and A a trivial G-module. If there exists a finite dimensional, admissible, connected G-complex X satisfying the following conditions:
( 
COXETER COMPLEXES AND THE PROOF OF THE MAIN

Proposition 5.1. If W is a finite Coxeter group, then X W is a triangulation of the
In case W is infinite, Serre proved the following result:
Proposition 5.2 ([11, Lemma 4]). If W is an infinite Coxeter group, then X W is contractible.
There is a simplicial action of W on X W by left translation w ′ · wW T := w ′ wW T . The isotropy subgroup of a simplex wW T is precisely wW T w −1 which fixes wW T pointwise. Hence X W is an admissible W -complex. Now let ∆ W = {W T | T S} be the subcomplex of X W , which consists of the fundamental chamber W ∅ and its faces. Then ∆ W is a set of representatives for the W -orbits of simplices, and hence ∆ W is a strict fundamental domain for the action of W (see [1, Lemma 3.75] 
Moreover, for each simplex σ := wW T of X W , the isotropy subgroup (A W ) σ of σ satisfies
because A W is a normal subgroup of W . Since A W T is the alternating subgroup of W T with |T | < |S|, we see that
by the induction assumption. Applying (5. 
The proof also implies H k (W, F p ) = 0 holds for 0 < k < p − 2, however, the first author proved a much stronger result in [2] . Now let Σ p be the symmetric group on p letters and A p the alternating group on p letters. It is known that [3, pp. 74-75] 
Since the isotropy subgroup (A W ) σ is finite for any σ by the assumption, we see that H j ((A W ) σ , Q) = 0 for j > 0 and hence E * , j 1 = 0 for j > 0. In addition, E 
